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TWISTED WEAK ORDERS OF COXETER GROUPS
WEIJIA WANG
Abstract. In this paper, we initiate the study of the twisted weak order
associated to a twisted Bruhat order for a Coxeter group and explore the
relationship between the lattice property of such orders and the infinite reduced
words. We show that for a 2 closure biclosed set B in Φ+, the B-twisted weak
order is a non-complete meet semilattice if B is the inversion set of an infinite
reduced word and that the converse also holds in the case of affine Weyl groups.
1. Introduction
Twisted Bruhat order on a Coxeter group was first introduced by Dyer. Such
an order generalizes the usual Bruhat order. They are of interest for their own
combinatorics and have connections (some conjecturally) with the reflection orders,
the geometries of the root systems and the representation theory. For example, the
alcove order of the affine Weyl groups studied by Lusztig is a twisted Bruhat order
and in [3] Kazhdan-Lusztig polynomial is defined for certain intervals of the twisted
Bruhat order and therefore such an order relates to the composition factors of the
Verma modules. In [9], twisted Bruhat orders and biclosed sets of the positive
roots are used in the study of the twisted filtration of the Soergel bimodules and
the generalized positivity conjecture of the Hecke algebra.
To every ordinary Bruhat order one can associate a weak order, which encodes
the important combinatorics of the underlying Coxeter group. In the same spirit,
we construct the natural twisted weak order associated to any given twisted Bruhat
order. Such an order is a generalization of the ordinary weak order and occurs natu-
rally in many constructions, e.g. limit weak order of the infinite reduced words. We
show that several definitions of the twisted weak order can be given and establish
their equivalence. The main result of the paper deals with the relationship among
the infinite reduced words, the geometries of the root systems and the lattice prop-
erty of the twisted weak order. We prove that if a biclosed set (resp. biconvex set)
in Φ+ is the inversion set of an infinite reduced word then the corresponding twisted
weak order is a non-complete lattice and for the affine Weyl groups the converse
also holds. Finding a characterization of the biclosed sets which arise from the
inversion sets is an interesting question and is discussed in [10]. Our result provides
a new perspective which uses the twisted weak order.
2. Preliminaries
2.1. Closure Operators on The Root Systems. We refer the readers to [1]
for the basic notions of Coxeter groups and the root systems. With the canonical
bijection between the simple reflections and the simple roots, we denote the simple
root corresponding to the simple reflection s by αs. We denote the set of simple
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reflections by S and the set of reflections by T . In this paper, we consider two
types of closure operators: 2 closure operator and cone closure operator on the root
system Φ of a Coxeter group W . The 2 closure operator is studied for its relevance
with reflection orders, description of the join and the meet under the weak order
and the completion of the weak order. A subset Γ of Φ is said to be 2 closure
closed if for any α, β ∈ Γ, the set {k1α + k2β|k1, k2 ∈ R≥0} ∩ Φ is still contained
in Γ. Under this operator, the closure of any set is the intersection of all 2 closure
closed sets containing it. Cone closure operator is the natural oriented matroidal
closure operator on Φ. A subset Γ of Φ is said to be cone closure closed if for any
finite number of roots α1, α2, · · · , αt ∈ Γ, the set {
∑t
i=1 kiαi|ki ∈ R≥0} ∩ Φ is still
contained in Γ. Similarly the cone closure of any set is the intersection of all cone
closure closed sets containing it.
A set Λ ⊂ Γ(⊂ Φ) with the property that both Λ and Γ\Λ are 2 closure closed
(resp. cone closure closed) is called a 2 closure biclosed set (resp. cone closure
biclosed set) in Γ. Clearly a 2 closure biclosed set in Γ is also cone closure biclosed
but not vice versa. A 2 closure biclosed (resp. cone closure) set H in Φ such that
Φ\H = −H is called a 2 closure hemispace (resp. cone closure hemispace). For
example Φ+ is both a 2 closure hemispace and a cone closure hemispace. One can
easily verify that there exists a bijection between the set of 2 closure biclosed sets
in Φ+ and the set of 2 closure hemispaces. To make it explicit, given a 2 closure
biclosed set B in Φ+ we can associate a 2 closure hemispace B⊎−(Φ+\B) where ⊎
denotes the disjoint union. (To see that B ⊎ −(Φ+\B) is indeed 2 closure biclosed
in Φ, it suffices to show that it is 2 closure closed in Φ as its complement in Φ is
(Φ+\B) ⊎ −B. Note that B and −(Φ+\B) are both closed since B is biclosed in
Φ+. Now take α ∈ B and β ∈ Φ+\B. If k1α− k2β = γ ∈ −B, k1, k2 ≥ 0, then β =
k1
k2
α− 1
k2
γ ∈ B as B is closed. A contradiction. If k1α−k2β = γ ∈ Φ+\B, k1, k2 > 0,
then 1
k1
γ+ k2
k1
β = α ∈ Φ+\B as Φ+\B is closed. A contradiction.) Given a 2 closure
hemispace H we can associate to it a 2 closure biclosed set in Φ+: H ∩Φ+. In fact
such a bijection also exists if one replace Φ+ with any 2 closure hemispace H . But
there is in general no such bijection for the cone closure operator. (There could
exist a cone closure biclosed set B in Φ+ such that B ⊎ −(Φ+\B) is not cone
closure closed.) There is a natural W action on the set of 2 closure hemispaces
(i.e. wH = {w(α)|α ∈ H} for H a hemispace) and thus can be transferred to
the set of all 2 closure biclosed sets in Φ+. We denote such an action by w · B
for w ∈ W and B a biclosed set in Φ+ (The formula of this action is given by
w · B = (Φw\w(−B)) ∪ (w(B)\ − Φw) where Φw := {α ∈ Φ+|w−1(α) ∈ Φ−} is
called an inversion set). Note that such an action is certainly different from the
natural W action on a set B which we denote wB. A cone closure biclosed set in
Φ+ is also called a biconvex set in Φ+ in the literature.
It is known that any finite 2 closure (resp. cone closure) biclosed set in Φ+ is an
inversion set Φx for some x ∈ W . For a proof see [5] Lemma 4.1(d). Note that if
s1s2 · · · sk is a reduced expression of x, then Φx = ∪ki=1Φs1s2···si .
For any subset Γ of a real vector space define the cone spanned by Γ to be
{
∑
i∈I kivi|vi ∈ Γ ∪ {0}, ki ∈ R≥0, |I| < ∞} and denote it by cone(Γ). A subset Γ
of Φ+ is called separable if the cone(Γ) ∩ cone(Φ+\Γ) = {0}. A separable set is 2
closure and cone closure biclosed in Φ+.
To end this subsection, we make a remark on the differences between the 2 closure
biclosed sets and the cone closure biclosed sets (in Φ+) and on the role played by
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the notion of (2 closure and cone closure) biclosed sets and 2 closure hemispaces
in this paper. The 2 closure operator is finer than the cone closure operator in
the sense that there are more closed sets under the 2 closure operator. The cone
closure biclosed sets in Φ+ are all 2 closure biclosed. In [8], it is shown that the
twisted Bruhat order can be defined for all 2 closure biclosed sets. In this paper, we
twist the weak (right) order by 2 closure biclosed sets. Since the family of the cone
closure biclosed sets is a subset of the family of the 2 closure biclosed sets, cone
closure biclosed sets can certainly be used to twist the weak order and therefore
we also study the relationship between the poset properties of such twisted weak
orders and the cone closure biclosed sets which are used. Finally, since there is a
bijection between the set of 2 closure biclosed sets in Φ+ and the set of 2 closure
hemispaces, we shall use 2 closure hemispaces as a tool in this paper to obtain
certain properties of the twisted weak order. For more comparisons of these two
closure operators see [13].
2.2. Order And Lattice Theory. Let L be a partially ordered set. L is a meet
(resp. join) semilattice if any two elements x, y ∈ L admit a greatest lower bound
(called meet) (resp. least upper bound (called join)), denoted by x∧y (resp. x∨y).
L is called a complete meet (resp. join) semilattice if any subset A ⊂ L admits a
greatest lower bound (called meet) (resp. least upper bound (called join)), denoted
by
∧
A (resp.
∨
A). If L is both a meet semilattice and a join semilattice, L is
called a lattice.
2.3. Weak Order. Let (W,S) be a Coxeter system and w ∈ W . u ∈W is called a
(left) prefix of W if w has a reduced expression s1s2 · · · st and u = s1s2 · · · si, i ≤ t.
Define a partial order on W such that x ≤ y if and only if x is a prefix of y. It can
be shown that x ≤ y if and only if Φx ⊂ Φy. Such order is called the weak (right
Bruhat) order. Under the weak order, W is a complete meet semilattice and in
particular when W is finite, it is a complete lattice. For these facts see Chapter 3
of [1].
2.4. Infinite Reduced Words. Let (W,S) be a Coxeter system with W being
infinite. A sequence s1s2s3 · · · , si ∈ S is called an infinite reduced word of W if
s1s2 · · · sj is a reduced expression for any j. Let x = s1s2 · · · be an infinite reduced
word. Define the inversion set Φx = ∪
∞
i=1Φs1s2···si . Two infinite reduced words are
considered equal if their inversion sets coincide. One sees readily that the inversion
set of an infinite reduced word is 2 closure and cone closure biclosed in Φ+. In fact,
they are separable. See [10]. A prefix of an infinite reduced word w is an element
u ∈ W such that Φu ⊂ Φw.
2.5. Root System And Biclosed Sets For Affine Weyl Groups. The root
system of an (irreducible) affine Weyl group W˜ can be realized as the “loop ex-
tension” of the root system of the corresponding finite irreducible Weyl group W .
Let V be a real Euclidean space with inner product (−,−) and let Φ ⊂ V be
an irreducible crystallographic root system. Also assume that V = RΦ. Let W
be the associated finite Weyl group. Choose and fix a positive system Φ+ of Φ
and let ∆ be the simple system of Φ+. Let δ be an indeterminate. Define a
R−vector space V ′ = V ⊕Rδ and extend the inner product on V to V ′ by requiring
(δ, V ′) = 0. For α ∈ Φ+, define α̂ = {α + nδ|n ∈ Z≥0} ⊂ V ′. For α ∈ Φ−, define
α̂ = {α+(n+1)δ|n ∈ Z≥0} ⊂ V
′. For a set Γ ⊂ Φ, define Γ̂ =
⋃
α∈Γ α̂ ⊂ V
′. Then
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the set of roots Φ˜ is Φ̂ ⊎ −Φ̂. The set of positive roots is Φ˜+ = Φ̂ and the set of
negative roots is Φ˜− = −Φ̂. Let α ∈ Φ˜. Define
sα(v) = v − 2
(v, α)
(α, α)
α.
Then we have W˜ ≃ 〈sα, α ∈ Φ˜〉 and the set of the simple reflections is {sα|α ∈
∆} ∪ {sδ−γ} where γ is the highest root in Φ
+. For v ∈ V , define the R−linear
map tv which acts on V
′ by tv(u) = u+ (u, v)δ. For α ∈ Φ, define α∨ = 2α/(α, α),
which is called the dual root of α or a coroot. Define T to be the free Abelian
group generated by {tγ∨ |γ ∈ ∆}. Then it can be shown that W˜ =W ⋉ T. For this
construction, see [11] or [4].
Any 2 closure biclosed set in Φ is of the form Ψ+∆1,∆2 := (Ψ
+\R≥0∆1)∪(R∆2∩Φ)
where Ψ+ is a positive system of Φ and ∆1,∆2 are two orthogonal subsets (i.e.
(α, β) = 0 for any α ∈ ∆1, β ∈ ∆2) of the simple system of Ψ+. For a proof see [7].
In [6], Dyer classified all 2 closure biclosed sets in Φ˜+. He shows that any biclosed
set in Φ˜+ differs by only finite many roots from a 2 closure biclosed set of the form
̂Ψ+
∆1,∆2
. Indeed it is w · ̂Ψ+
∆1,∆2
for some w ∈ W ′ < W˜ where W ′ is the reflection
subgroup generated by {sα|α ∈ ∆̂1 ∪∆2}. (An essential step of the proof is to
observe that for a biclosed set B in Φ̂, the set IB = {α ∈ Φ|α̂ ∩B is infinite} is in
fact a biclosed set in Φ.)
3. Various Definitions And Their Equivalence
In this and next section unless specifically stated, all closures under consideration
are assumed to be 2 closure and thus we omit the word 2 closure when discussing
biclosed sets and hemispaces for convenience.
Definition 3.1. Let (W,S) be a Coxeter group and let B be a biclosed set in Φ+.
The (right) B-twisted length function lB : W → Z is defined by lB(w) = l(w) −
2|Φw ∩ B| where w ∈ W and l is the usual length function. Define a partial order
′B on W such that x 
′
B y if and only if y = xt1t2 · · · tl and lB(xt1t2 · · · ti−1) <
lB(xt1t2 · · · ti) for all 1 ≤ i ≤ l where ti ∈ T. Such an order is called a B−twisted
Bruhat order.
See [2], [3] for basic combinatorics of the twisted Bruhat order. Replacing T in
this definition with S, we can define the B−twisted weak right order. Thus we have
the following
Definition 3.2. Let (W,S) be a Coxeter system. B is a biclosed set in Φ+. We
define for x, y ∈W , x⊳ y if and only if y = xs for some s ∈ S and lB(y) > lB(x).
Now define u ≤B v if one can find u1, u2, · · · , ut such that
u = u1 ⊳ u2 ⊳ u3 ⊳ · · ·⊳ ut = v.
Then ≤B is called the B−twisted weak (right) order.
One notes that the covering relation in this definition can be restated using the
ordinary length function. For s ∈ S, let αs be the corresponding simple root. For
x, y ∈W , x⊳ y if and only if one of the following two holds:
(1) y = xs, l(y) = l(x) + 1, s ∈ S and x(αs) 6∈ B
(2) x = ys, l(x) = l(y) + 1, s ∈ S and y(αs) ∈ B
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One routinely verifies that this is a preorder. One can see it is a well-defined
partial order from its relationship with the corresponding B−twisted Bruhat order
since x ≤B y implies x ′B y. Note that ∅−twisted weak right order is the ordinary
weak right order. Our next goal is to give an alternative characterization of the
twisted weak order, which is easier to work with. And by such identification one
can also see that this preorder is indeed a partial order.
Definition 3.3. Let (W,S) be a Coxeter system. B is a biclosed set in Φ+. Define
the partial order ≤′B on W as follow
x ≤′B y if and only if Φx ⊖B ⊂ Φy ⊖B
where ⊖ denotes the symmetric difference of sets.
One readily verifies ≤′B is a partial order using the fact that Φx = Φy implies
x = y for x, y ∈ W . Note that ≤′
Φ+⊖B is the reverse order of ≤
′
B.
Lemma 3.4. x ≤′B y if and only if Φx\Φy ⊂ B and Φy\Φx ⊂ Φ
+\B.
Proof. The equivalence can be easily verified by inspection of a suitable Venn dia-
gram. 
Definition 3.5. Let B be a biclosed set in Φ+. Define ΣB = −B ⊎ (Φ+\B) which
is a hemispace. For x ∈ W , also define the hemispace Σx = Φx ⊎−(Φ+\Φx). Then
we obtain a biclosed set ΣB,x = Σx ∩ ΣB in ΣB.
Lemma 3.6. Under the map x 7→ ΣB,x, the order (W,≤′B) embeds as a sub-poset
of B(ΣB), the poset of biclosed sets in ΣB under inclusion. If B is finite, then the
image of this map is precisely the set of all finite biclosed sets in ΣB.
Proof. We first show that such a map is injective. Suppose ΣB,x = ΣB,y. Then we
have Φx∩ (Φ+\B) = Φy∩ (Φ+\B), (Φ+\Φx)∩B = (Φ+\Φy)∩B. This is equivalent
to Φx\B = Φy\B and B\Φx = B\Φy. So B ⊖ Φx = B ⊖ Φy. By Lemma 3.4. this
is equivalent to x ≤′B y and y ≤
′
B x and thus x = y. It is similar to see that this is
an order-preserving map if we note that
Φy ∩ (Φ
+\B) ⊂ Φx ∩ (Φ
+\B)
is equivalent to
Φy\Φx ⊂ B
and that
(Φ+\Φy) ∩B ⊂ (Φ
+\Φx) ∩B
is equivalent to
Φx\Φy ⊂ Φ
+\B.
Now suppose B is finite. Clearly the image of the map consists of the finite biclosed
sets in ΣB. Otherwise a finite biclosed set of ΣB must be of the form ΣB ∩ (C ⊎
−(Φ+\C)) where C is a biclosed set in Φ+. If C is infinite, then C ∩ (Φ+\B) must
be infinite, which is a contradiction. 
Lemma 3.7. Let u ∈W . Then B(uΦ+) is isomorphic to B(Φ+) as poset.
Proof. Map A 7→ uA and we get the poset isomorphism. 
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Remark 3.8. Note that uΦ+ = −Φu ⊎ (Φ+\Φu). The consequence of the above two
lemmas is that (W,≤′∅) ≃ (W,≤
′
Φx
) for any x ∈W as poset.
Therefore if B is finite, (W,≤′B) is a complete meet semilattice. If B is co-finite,
(W,≤′B) is a complete join semilattice.
Definition 3.9. Let Ψ be a hemispace and G(Ψ) be the undirected graph with
the vertex set B(Ψ) (the set of biclosed sets in Ψ) and the edge set {(B1, B2)| if
B1 ⊆ B2 and there is no B3 ∈ B(Ψ) such that B1 ⊆ B3 ⊆ B2 or B2 ⊆ B1 and
there is no B3 ∈ B(Ψ) such that B2 ⊆ B3 ⊆ B1}.
Such a graph has the similar flavor of the tope graph of an oriented matroid.
But one notes that even if one replaces the hemispaces and the biclosed sets in the
above definition with the cone closure counterparts it is in general not the tope
graph as there are no bijections between the set of cone closure hemispaces and the
cone closure biclosed sets in a particular hemispace. And we also remark that when
Φ is infinite, such a graph is not connected.
Lemma 3.10. Let Φx and Φy be two finite biclosed sets in Φ
+. Then there is
a path of length |Φx ⊖ Φy| connecting Φx and Φy in G(Φ+) where ⊖ denotes the
symmetric difference.
Proof. Consider the hemispace −Φx ⊎ (Φ+\Φx) = xΦ+. Now the following C1, C2
are two finite biclosed sets in this hemispace.
C1 = (−Φx ⊎ (Φ
+\Φx)) ∩ (Φx ⊎ (−(Φ
+\Φx))) = ∅
C2 = (−Φx ⊎ (Φ
+\Φx)) ∩ (Φy ⊎ (−(Φ
+\Φy)))
= (Φy\(Φx ∩ Φy)) ⊎ −(Φx\(Φx ∩ Φy))
Denote m = |Φx ⊖ Φy|.
Since B(xΦ+) is isomorphic toB(Φ+) as poset. Then we can find α1, α2, · · · , αm ∈
C2 such that
∅ = C1 ⊂ {α1} ⊂ {α1, α2} ⊂ · · · ⊂ {α1, α2, · · · , αm} = C2
with each set in this chain biclosed in the hemispace xΦ+.
Now consider the following hemispaces:
Φx ⊎ −(Φ
+\Φx)
(Φx ⊎ −(Φ
+\Φx)\{−α1}) ∪ {α1}
(Φx ⊎ −(Φ
+\Φx)\{−α1,−α2}) ∪ {α1, α2}
· · ·
(Φx ⊎−(Φ
+\Φx)\{−α1,−α2, · · · ,−αm}) ∪ {α1, α2, · · · , αm}
(the last one is Φy ⊎ −(Φ+\Φy).)
Intersecting these hemispaces with Φ+ one gets
B1 = Φx
B2 = B1 ⊎ {α1} orB1\{−α1}
B3 = B2 ⊎ {α2} orB2\{−α2}
· · ·
Bm = Bm−1 ⊎ {αm−1} orBm−1\{−αm−1} = Φy
proving the lemma. 
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Theorem 3.11. (W,≤′B) and (W,≤B) define the same order.
Proof. It is immediate that x ≤B y implies x ≤′B y. Now assume x ≤
′
B y. By
Lemma 3.10 one can find a path of minimal possible length |Φx ⊖ Φy| in G(Φ+)
connecting Φx and Φy. Hence along this path, one either removes a root in Φx but
not in Φy or add a root in Φy but not in Φx, the former is in B and the latter is
not in B. Suppose that the path goes through Φx,Φu1 ,Φu2 , · · · ,Φut ,Φy. We have
x⊳ u1 ⊳ u2 ⊳ · · ·⊳ ut ⊳ y. 
Therefore in what follows we shall freely use the identification of these two de-
scriptions of the twisted weak order. In the remaining part of this section we give
some examples of the twisted weak orders and also indicate some situations in which
twisted weak orders show up.
Example 3.12. (Limit Weak Order) Denote by Wl the set of all infinite reduced
words. It is natural to extend the weak order to the set W ∪Wl, i.e. two words
x ≤ y if and only if Φx ⊂ Φy. When restricted to Wl such an order is called the
limit weak order in [12]. Two infinite reduced words are said to be in the same
block if their inversion sets differ only by finite many roots. In [12], the authors
showed that when W is finite rank and word hyperbolic, each block of the limit
weak order is isomorphic to the weak order of some finite Coxeter group. If W is
an affine Weyl group, each block of the limit weak order is isomorphic to the weak
order of some affine Coxeter group (or consists of just one element). But if infinite
rank Coxeter groups are considered, a block of limit weak order can be isomorphic
to the nontrivial twisted weak order on some Coxeter group as demonstrated by
the following easy example. Let (Wi, Si), i = 1, 2, · · · be the Coxeter systems of
type A1 (i.e. isomorphic to Z2) and Si = {si}. Consider the weak direct product
W := wΠ
∞
i=1Wi (the subgroup of the direct product Π
∞
i=1Wi generated by the
(isomorphic) subgroups {Wi}∞i=1). Then (W,S) is a Coxeter system. Any infinite
subset of its positive system Φ+ = {αsi |i = 1, 2, · · · } is biclosed and in fact the
inversion set of an infinite reduced word. We shall show that for any infinite biclosed
set B ⊂ Φ+, there exists a block in the limit weak order isomorphic to (W,≤B
). Such a block is the one containing the infinite reduced word Παsi∈Bsi. The
isomorphism is given by the map: w 7→ wΠαsi∈Bsi and one checks readily that
w1 ≤B w2 ⇔ Φw1Παsi∈Bsi ⊂ Φw2Παsi∈Bsi .
Example 3.13. (1-skeleton of The Tessellation by Permutahedra) In this example,
one can see that the twisted weak order may have a very different global structure
from the ordinary weak order. For an (irreducible) affine Weyl group W˜ , the Hasse
diagram of certain twisted weak order gives the “1 skeleton” of the (cell complex
of the) tessellation of the Euclidean space by permutahedra of the finite parabolic
subgroups of W˜ . Such orders are defined by biclosed sets of the form Φ̂+ for some
positive system Φ+ of the corresponding finite Weyl group W (See Corollary 4.10
below) and is in fact a (non-complete) lattice. (Part of) the Hasse diagrams of the
twisted weak orders ≤
Φ̂−
on groups of type A˜1, A˜2 are depicted below.
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sαsδ−αsα
sαsδ−α
sα
e
sδ−α
sδ−αsα
sαsβsα sβsαsδ−α−β
sαsβ sβsα
sα sβ
e sβsδ−α−β
sβsδ−α−βsα
sβsαsδ−α−βsα
sαsδ−α−β
sαsδ−α−βsβ
sαsβsδ−α−βsβ
sαsβsδ−α−β
sδ−α−β
sδ−α−βsα
sδ−α−βsαsδ−α−β
sδ−α−βsβ
sδ−α−βsβsδ−α−β
sαsδ−α−βsαsβ sβsδ−α−βsβsα
Example 3.14. (The Poset of 2 closure Biclosed Sets in Φ+) In [6], Dyer classified
all 2 closure biclosed sets in Φ˜+ for affine Weyl groups and described the partial
order of them under inclusion. Similarly one can consider the blocks in such orders.
Within one block two biclosed sets differ by only finite many roots. It follows from
Dyer’s results that every block is isomorphic to the twisted weak of some Coxeter
groups. To be precise, the block containing the biclosed sets ̂Ψ+
∆1,∆2
is isomorphic
to the twisted weak order <
Φ
+
W˜2
on W˜1 × W˜2 where W˜i, i = 1, 2 is the reflection
subgroup of W˜ generated by sα, α ∈ ∆̂i, i = 1, 2.
4. Characterization of The Inversion Sets of Infinite Reduced
Words
In this section we will prove the main result of this paper regarding the geometry
of the root system and the combinatorics of the twisted weak orders. In what follows
(W,S) is a Coxeter system. Φ is its root system and Φ+ is the set of positive roots.
B is a biclosed set in Φ+.
Lemma 4.1. Suppose x ≤B y ≤B z. Then Φx\Φy ⊂ Φx\Φz, Φy\Φx ⊂ Φz\Φx,
Φy\Φz ⊂ Φx\Φz and Φz\Φy ⊂ Φz\Φx.
Consequently Φx\Φz = (Φx\Φy) ⊎ (Φy\Φz) and Φz\Φx = (Φz\Φy) ⊎ (Φy\Φx).
Proof. Take α ∈ Φx\Φy. Then α ∈ B. If α ∈ Φz then α ∈ Φz\Φy then α ∈
Φ+\B. This is a contradiction. So α ∈ Φx\Φz. The other assertions can be proved
similarly. 
Let B be a biclosed set in Φ+ and x, y ∈ W . Denote by [x, y]B the set {w ∈
W |x ≤B w ≤B y}. The following Corollary shows that locally the intervals of a
twisted weak order share the same structure of the ordinary weak order, though
globally those orders could be very different.
Corollary 4.2. Suppose x ≤B y. Then [x, y]B = [x, y]Φx = [x, y]Φ+\Φy . Conse-
quently for any B such that x ≤B y, [x, y]B is independent of B. In addition these
intervals are isomorphic as posets.
Proof. It is evident from the definition that x ≤Φx y for all y ∈ W . Take z ∈ [x, y]B.
We have Φz\Φy ⊂ Φx\Φy ⊂ Φx by Lemma 4.1. We also have Φy\Φz ⊂ Φy\Φx ⊂
Φ+\Φx by Lemma 4.1. Hence z ≤Φx y. This shows [x, y]B ⊂ [x, y]Φx . Conversely
take z ∈ [x, y]Φx . We have Φz\Φy ⊂ Φx\Φy ⊂ B by Lemma 4.1. We also have
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Φy\Φz ⊂ Φy\Φx ⊂ Φ+\B by Lemma 4.1. Hence z ≤B y. Similarly one can show
x ≤B z. This shows [x, y]B ⊃ [x, y]Φx . It can be proved in the same manner that
[x, y]B = [x, y]Φ+\Φy .
Now assume x ≤B u ≤B v ≤B y. Then by Lemma 4.1, Φv\Φu ⊂ Φv\Φx ⊂
Φ+\Φx. Similarly Φu\Φv ⊂ Φx\Φv ⊂ Φx. Hence u ≤Φx v. Assume x ≤Φx u ≤Φx
v ≤Φx y. Then Φu\Φv ⊂ Φx\Φv ⊂ Φx\Φy ⊂ B and Φv\Φu ⊂ Φv\Φx ⊂ Φy\Φx ⊂
Φ+\B. So u ≤B v. This implies [x, y]B and [x, y]Φx are isomorphic as poset. The
other isomorphism can be proved in the similar way. 
Proposition 4.3. Let A ⊂ W and let B be a biclosed set in Φ+. If there exists
u ∈ W such that u ≤B x for all x ∈ A then
⋂
x∈A[u, x]B admits a unique maximal
element. If there exists v ∈ W such that v ≥B x for all x ∈ A then
⋂
x∈A[x, v]B
admits a unique minimal element.
Proof. We prove the first assertion.
⋂
x∈A[u, x]B ≃
⋂
x∈A[u, x]Φu by Corollary 4.2.
But (W,≤Φu) is a complete meet semilattice and we obtain the desired assertion.
The other assertion can be proved similarly. 
Lemma 4.4. Take B = Φw, w ∈ Wl (the set of infinite reduced words). Then for
x, y ∈W one can find z ∈ W such that z is a lower bound of x, y in (W,≤B).
Proof. Φx ∩ Φw and Φy ∩ Φw are both finite. So one can find a prefix z of w
such that Φz ⊃ (Φx ∩ Φw) ∪ (Φy ∩ Φw). Clearly Φz\Φx and Φz\Φy are both in
Φw. Φx\Φz ⊂ Φx\(Φx ∩ Φw) = Φx\Φw ⊂ Φ+\Φw. Hence x ≥B z and similarly
y ≥B z. 
Theorem 4.5. Take w ∈Wl (the set of infinite reduced words). Then (W,≤Φw) is a
non-complete meet semilattice and (W,≤Φ+\Φw ) is a non-complete join semilattice.
Proof. We prove the first assertion. Let x, y ∈ W . Suppose that {u|u ≤Φw x, u ≤Φw
y} has two different maximal elements s, t. (This set is not empty by Lemma 4.4.)
Then s, t has a lower bound v by Lemma 4.4 again. By corollary 4.2 [v, x]Φw ∩
[v, y]Φw is isomorphic to [v, x]Φv ∩ [v, y]Φv . But in the latter s, t have an upper
bound as (W,≤Φv ) is a complete meet semilattice and then so do in the former.
This is a contradiction. To see that such a meet semilattice is not complete, let
w = s1s2s3 · · · . Then the chain s1 ≥Φw s1s2 ≥Φw s1s2s3 ≥ · · · does not have a
lower bound. The second dual assertion can be proved similarly. 
In the remaining part of this section we shall show that for an (irreducible)
affine Weyl group, the converse of Theorem 4.5, i.e. if ≤B is a meet semilattice
then B = Φw with w ∈ W ∪Wl, also holds. In what follows an affine Weyl group
is assumed to be an irreducible one. Along the way, we also give a classification of
the 2 closure biclosed sets that come from infinite reduced words for affine Weyl
groups. The proof given here is shorter than the one given in [14].
An element w of a Coxeter group is said to be straight if l(wn) = |nl(w)| for all
n ≥ 1. Let w be a straight element. Then w∞ := www · · · is a well-defined infinite
reduced word.
Now let W be an irreducible Weyl group with the root system Φ and V = RΦ.
A vector λ ∈ V is called a coweight if (λ, α) ∈ Z for all α ∈ Φ. The set of coweights
is called the coweight lattice. This is a free Abelian group. Its subgroup generated
by the coroots is called the coroot lattice. The index of the coroot lattice in the
coweight lattice is finite and called the connection index.
10 WEIJIA WANG
Lemma 4.6. Let γ be an element in the coroot lattice. Then tγ is straight. More-
over Φt∞γ = Ψ̂
+
L,∅ for some biclosed set Ψ
+
L,∅ in Φ.
Proof. Take β + nδ ∈ Φ̂. Then
tk−γ(β + nδ) = β + (n+ k(β,−γ))δ.
This is a negative root if
n < k(β, γ)
or n = k(β, γ) and β ∈ Φ−.
If (β, γ) < 0, then the action of tγ will increase the coefficient of δ. So β + nδ
will never be made negative by any power of tγ .
If (β, γ) = 0, then tγ will stabilize β + nδ. So the power of tγ will never make
β + nδ negative.
If (β, γ) > 0, then eventually n < k(β, γ) when k is sufficiently large. Then
β + nδ is eventually made negative.
So we have Φtkγ ⊂ Φtk+1γ for all k ≥ 1, which shows tγ is straight.
By the above, Φt∞γ =
̂{ζ|ζ ∈ Φ, (ζ, γ) > 0}. It is easy to see that {ζ|ζ ∈ Φ, (ζ, γ) >
0} is biclosed in Φ. But {ζ|ζ ∈ Φ, (ζ, γ) > 0} cannot be of the form Ψ+L,M where
M 6= ∅. If not, take λ and −λ such that λ ∈M their inner products with γ cannot
be both positive. 
Lemma 4.7. Any biclosed set Ψ̂+
L,∅ in Φ̂ is of the form Φt∞γ for some γ in the
coroot lattice.
Proof. Pick γ′ in the coweight lattice such that (γ′, α) = 0 for all α ∈ L and
(γ′, α) > 0 for all α ∈ ∆\L where ∆ is the simple system in Ψ. Let n be the
connection index and γ = nγ′. Then tγ has the desired property by Lemma 4.6. 
Proposition 4.8. A biclosed set in the set of positive roots Φ̂ of an affine Weyl
group W˜ is the inversion set of an element in the group or an infinite reduced word
if and only if it is of the form w ·̂Ψ+
∆1,∅
where Ψ+ is a positive system of Φ and ∆1
is a subset of the simple system of Ψ+.
Proof. It follows from Lemma 4.7 and the easy fact w · Φu = Φwu, w ∈ W˜ that
w ·̂Ψ+
∆1,∅
is an inversion set. Now because of the classification of the biclosed sets
in Φ̂, we only have to show that w · ̂Ψ+
∆1,∆2
with ∆2 6= ∅ is not from an inversion
set. Again because w ·Φu = Φwu, it suffices to show that only for
̂Ψ+∆1,∆2. Suppose
to the contrary that ̂Ψ+
∆1,∆2
= Φw where w is an infinite reduced word or a group
element. Assume α ∈ ∆2. Then α+mδ and −α+ nδ are both in
̂Ψ+∆1,∆2 for some
m,n ∈ Z≥1. Then they must be both in some Φu, u ∈ W˜ . Because Φu is biclosed
so we have
2(α+mδ) + (−α+ nδ) = α+ (2m+ n)δ ∈ Φu
3(α+mδ) + 2(−α+ nδ) = α+ (3m+ 2n)δ ∈ Φu
· · ·
This implies Φu is infinite which is impossible. 
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Remark 4.9. The above proposition indeed shows that if a biclosed set B in Φ̂ is
not an inversion set, then there exists some α+kδ and −α+ tδ, k, t > 0, α ∈ Φ both
contained in B. This is clear if B is of the form ̂Ψ+∆1,∆2 (take α ∈ ∆2). Otherwise
B = w · ̂Ψ+
∆1,∆2
for some Ψ+,∆1,∆2 and w ∈ W ′ where W ′ is the reflection
subgroup as described in the end of the section 2.5. In this case |B ⊖ ̂Ψ+∆1,∆2 | is
finite and the assertion also holds.
Corollary 4.10. Let W˜ be an affine Weyl group (with the corresponding Weyl
groupW ) and Ψ+ be a positive system of Φ (the root system of W ). Then (W˜ ,≤
Ψ̂+
)
is a lattice.
Proof. Note that Φ˜+\Ψ̂+ = Φ̂\Ψ̂+ = Ψ̂−. Then this assertion follows from Theo-
rem 4.5 and Corollary 4.8. 
For an infinite Coxeter group we denote by W the union of W and Wl (set of
infinite reduced words).
Proposition 4.11. Let W˜ be an affine Weyl group (with the corresponding Weyl
group W ). If B is a biclosed set (resp. biconvex set) in Φ˜+ which is not of the form
Φw where w ∈ W˜ , then (W˜ ,≤B) is not a semilattice.
Proof. If B is not of the form Φw, w ∈ W˜ , then there exists α + kδ and −α + tδ
both in B by the remark succeeding Proposition 4.8. Then consider sα+kδ and
s−α+tδ. Suppose that they admit a lower bound z. Then α + kδ and −α + tδ
cannot be both in Φz. So say α+kδ is not. Then it is in Φsα+kδ\Φz ⊂ Φ˜
+\B. This
is a contradiction. The similar contradiction can be obtained if one assumes that
−α+ tδ is not in Φz.
For the assertion in terms of the biconvex sets, one only needs to notice that all
those non-biconvex 2 closure biclosed sets in Φ̂ are not inversion sets. 
Therefore we can conclude
Theorem 4.12. Let W˜ be an affine Weyl group. The following statements about
a biclosed (resp. biconvex) set B in Φ˜+ are equivalent:
(1) B is the inversion set of an infinite reduced word;
(2) (W˜ ,≤B) is a non-complete meet semilattice.
Proof. The equivalence of (1) and (2) follows from Proposition 4.11 and Theorem
4.5. 
Remark 4.13. A corollary of the above theorem is that for affine Weyl groups, an
infinite biclosed set B in Φ̂ is separable if and only if ≤B is either a non-complete
meet semilattice or a non-complete join semilattice. To see this, one notes that if
both B and Φ̂\B are not an inversion set then δ is in the cone closure of both B
and Φ̂\B. Thus B cannot be separable.
Remark 4.14. Let (Wi, Si), i = 1, 2 be two Coxeter systems with the root system
and the positive system Φi,Φ
+
i respectively. Let W = W1 × W2, S = S1 ⊎ S2.
Then the Coxeter system (W,S) has the root system Φ = Φ1 ⊎Φ2 and the positive
system Φ+ = Φ+1 ⊎ Φ
+
2 . Let B be a biclosed set in Φ
+. Then B = B1 ⊎ B2 where
Bi = B ∩ Φi. The twisted weak order (W,≤B) is isomorphic to the poset product
12 WEIJIA WANG
(W1,≤B1) × (W2,≤B2). Note that if the product poset is a meet semilattice then
each one of the poset is also a meet semilattice and if each one of the poset is a
meet semilattice then so is their product. Now suppose that for each Wi, Bi is the
inversion set of an infinite reduced word if and only if (Wi,≤Bi) is a non-complete
meet semilattice. Then for W , B is the inversion set of an infinite reduced word if
and only if (W,≤B) is a non-complete meet semilattice. Therefore the equivalence
in Theorem 4.12 holds for any affine Coxeter group.
We conjecture that the same assertion holds for any arbitrary finite rank infinite
Coxeter group, i.e. a biclosed set B in the positive system is the inversion set of
an infinite reduced word if and only if (W,≤B) is a non-complete meet semilattice.
The “only if” part is true by above Theorem 4.5.
5. Acknowledgement
The author acknowledges the support from Guangdong Natural Science Foun-
dation Project 2018A030313581. Some results of the paper are based on part of
the author’s thesis. The author wishes to thank his advisor Matthew Dyer, who
was aware of the twisted weak order while studying the twisted Bruhat order, for
his guidance. The author thanks the anonymous referees for their time and useful
comments for improving the paper.
References
[1] A. Bjo¨rner and F. Brenti. Combinatorics of Coxeter Groups, volume 231 of Graduate Texts
in Mathematics. Springer, 2005.
[2] M. J. Dyer. Quotients of Twisted Bruhat Orders. J. Algebra, 163, 861–879 (1994).
[3] M. J. Dyer. Hecke algebras and shellings of Bruhat intervals. II. Twisted Bruhat orders.
Kazhdan-Lusztig theory and related topics (Chicago, IL, 1989) 141–165, Contemp. Math.,
139, Amer. Math. Soc., Providence, RI, 1992.
[4] M. Dyer and G. Lehrer, Reflection Subgroups of Finite and Affine Weyl Groups Transactions
of the Amerian Mathematical Society, 363(11):5971-6005, 2011.
[5] Matthew Dyer. On the weak order of Coxeter groups. preprint(2011), arXiv:abs/1108.5557.
To appear in Canadian Journal of Mathematics.
[6] Matthew Dyer. Reflection Orders of Affine Weyl Groups, preprint(2017)
[7] D. Zˇ. Dokovic´, P. Check, and J.-Y. He´e, On closed subsets of root systems. Canad. Math.
Bull., 37(3):338–345, 1994
[8] Tom Edgar, Sets of reflections defining twisted Bruhat orders. J Algebr Comb (2007) 26:
357–362
[9] Thomas Gobet. Twisted filtrations of Soergel bimodules and linear Rouquier complexes,
Journal of Algebra, 484:275-309, 2017
[10] Hohlweg, Christophe and Labbe´, Jean-Philippe. On inversion sets and the weak order in
Coxeter groups European J. Combin. 55:1–19, 2016
[11] V. Kac, Infinite dimensional Lie Algebras, 3rd Edition, Cambridge University Press, Cam-
bridge, 1990.
[12] Lam, Thomas and Thomas, Anne. Infinite reduced words and the Tits boundary of a Coxeter
group. Int. Math. Res. Not. 17:7690–7733, 2015
[13] Annette Pilkington. Convex geometries on root systems. Comm. Algebra, 34(9):3183–3202,
2006.
[14] Weijia Wang. Infinite reduced words, lattice property and braid graph of affine Weyl groups.
preprint(2018), arXiv:1803.03017
School of Mathematics (Zhuhai), Sun Yat-sen University, Zhuhai, Guangdong, 519082,
China
E-mail address: wangweij5@mail.sysu.edu.cn
